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The excitations of the Heisenberg antiferromagnetic spin chain in zero field are known as spinons.
As pairwise-created fractionalized excitations, spinons are important in the understanding of inelas-
tic neutron scattering experiments in (quasi) one-dimensional materials. In the present work, we
consider the real space-time dynamics of spinons originating from a local spin flip on the antiferro-
magnetic ground state of the (an)isotropic Heisenberg spin-1/2 model and the Babujan-Takhtajan
spin-1 model. By utilizing algebraic Bethe ansatz methods at finite system size to compute the
expectation value of the local magnetization and spin-spin correlations, spinons are visualized as
propagating domain walls in the antiferromagnetic spin ordering with anisotropy dependent behav-
ior. The spin-spin correlation after the spin flip displays a light cone, satisfying the Lieb-Robinson
bound for the propagation of correlations at the spinon velocity.
I. INTRODUCTION
The existence of fractionalized collective excitations is
one of the most interesting features of quantum many-
body physics. In antiferromagnetic quantum spin chains,
examples of such collective modes are generally known
as spinons,1 which are fractionalized spin-1/2 excita-
tions created pairwise by spin flips on the antiferromag-
netic state. A fundamental model containing spinons is
the Heisenberg antiferromagnetic spin chain.2 The exact
eigenstates are obtained by the Bethe ansatz3–5 as plane
waves of magnons with amplitudes derived from their
scattering phases. In this context, spinons are the hole-
like modes in a sea of interacting magnons at zero field
and can be pictured in real space as propagating domain
walls in the local antiferromagnetic ordering of the spins.
Experimentally, spinon physics is demonstrated in in-
elastic neutron scattering6–12 on quantum spin chains
near zero temperature. The incoming neutron inter-
acts with the magnetic moments of the (quasi) one-
dimensional spin chain material, without influencing the
electronic structure due to its neutral charge. The differ-
ential cross section of the scattering neutrons is directly
related to the dynamical structure factor,13,14 which is
defined as the Fourier transform of the spin-spin correla-
tion
Saa¯(q, ω) =
1
N
N∑
j,j′
e−iq(j−j
′)
∫ ∞
−∞
dt eiωt〈Saj (t)Sa¯j′(0)〉c.
(1)
The label a = z,± distinguishes the longitudinal and
transversal structure factors respectively. The dynami-
cal structure factor has the shape of the (multi-)spinon
continua, while the value of the correlation corresponds
to the intensity. The dynamical structure factor there-
fore serves as an important connection between theory
and experiments.
By inserting a resolution of the identity in Eq. (1), the
spin-spin correlation becomes a sum over matrix elements
of a single spin operator with the ground state and an
excited spinon state. This algebraic Bethe ansatz based
computation of the dynamical structure factor relies on
determinant expressions15–18 of matrix elements in terms
of the rapidities of the Bethe states. By summing over
the matrix elements of spinon states, many properties of
the dynamical structure factor have been evaluated for
the Heisenberg antiferromagnet at finite system size,19–21
including the effects of anisotropic interactions22 and the
presence of a magnetic field.23,24
Analytic results for the dynamical structure factor in
the thermodynamic limit exist for the isotropic chain
through the vertex operator approach.25 Both the two-
spinon26–29 and four-spinon30,31 contributions to the dy-
namical structure factor have been computed by this
method, showing that the first moment sum rule is
saturated by the two-spinon contributions by 71.3% in
the thermodynamic limit, while the four-spinon carries
27(±1)%. The intensity describing two- and four-spinons
in the dynamical structure factor has been observed
experimentally11 as well.
The aforementioned approaches are mainly focussed
on momentum-energy resolved spinon physics, both in
experimental and theoretical context. Recent work from
Ref. 32 explored the real space-time behavior of a linear
combination of equally weighted two-spinon states, giv-
ing rise to a locally magnetized state diffusing in time.
In the present work, we construct the initial state by act-
ing with a local spin flip on the antiferromagnetic ground
state, mimicking the spin-flip caused by a neutron scat-
tering off the chain. This procedure creates precisely the
state for which the weights of the spinon states are com-
puted or measured directly from the transverse dynam-
ical structure factor in Eq. (1). The time evolved ex-
pectation value of the local magnetization 〈Szj (t)〉 can be
obtained from algebraic Bethe ansatz techniques at finite
size, making it possible to visualize the spinons propagat-
ing through the chain.
Additionally, this method allows for the time-evolved
evaluation of two-point correlations in real space after
the local spin flip. Due to the locality of the interactions,
the Lieb-Robinson bound33 dictates that the buildup of
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2correlations cannot occur faster than the propagation ve-
locity of the spinons. We therefore consider the spin-
spin correlation between two sites separated from each
other with the spin flip in the center, which become cor-
related as the spinon passes by on both sites, displaying
a light cone around the spin flip. Moreover, we compute
the nearest neighbor spin-spin correlation at a fixed site,
showing the behavior of the antiferromagnetic correlation
during the passing of the spinon.
This article is structured in the following way. In sec-
tion II we elaborate on the construction of spinon states
from Bethe ansatz. In section III, we show the time evo-
lution magnetization profiles of the spinons, visualizing
the propagation of spinons in real space. Section IV fo-
cusses on results for the dynamics of two spinons in the
Babujan-Takhtajan spin-1 chain. Section V shows the
buildup of correlations while the spinons propagate along
the isotropic Heisenberg chain.
II. SPINONS FROM BETHE ANSATZ
This section reviews the theoretical construction of
spinons for the (an)isotropic Heisenberg model from
Bethe ansatz. Due to its technical nature it could be
skipped on first reading. The spinon states described in
this section will be used as a basis for the time evolution
after a local spin flip on the ground state, described in
section III.
The Hamiltonian of the anisotropic Heisenberg model
is given as2,4
H = J
N∑
j=1
[
Sxj S
x
j+1 + S
y
j S
y
j+1 + ∆
(
Szj S
z
j+1 −
1
4
)]
,
(2)
containing an anisotropy in the nearest neighbor inter-
actions given by the parameter ∆. In the present work
we restrict to the isotropic XXX model (∆ = 1) and the
XXZ gapped model (∆ > 1). Furthermore, we adapt
periodic boundary conditions, identifying SN+1 = S1.
The fully polarised state |0〉 acts as the reference state
for the Bethe ansatz wave functions. The total spin
along the z-axis Sztot =
∑N
j=1 S
z
j commutes with Hamil-
tonian (2), splitting the Hilbert space into sectors of fixed
magnetization, denoted by the number of down spins M
starting from the reference state.
The Bethe ansatz wave functions3,4 for Hamilto-
nian (2) are plane waves of magnons
|{λ}〉 =
∑
j1<...<jM
∑
Q
AQ({λ})
M∏
a=1
eijap(λQa )S−ja |0〉, (3)
where the amplitudes AQ are given by the scattering
phases. Most importantly, every wave function in this
equation is parameterized in terms of a unique set of
non-coinciding rapidities {λ}M obeying Bethe equations,
derived from the scattering phases between the magnons
and periodic boundary conditions. In logarithmic form
the Bethe equations read
θ1(λj)− 1
N
M∑
k 6=j
θ2(λj − λk) = 2pi
N
Jj , (4)
where
θn(λ) = 2atan(2λ/n) (5)
for ∆ = 1 and
θn(λ) = 2atan
(
tanλ
tanh(nζ/2)
)
+ 2pibλ
pi
+
1
2
c (6)
for ∆ > 1, with ζ = acosh(∆) and bλc being the floor
function. The Bethe quantum numbers Jj are (half-odd)
integers for N +M (even) odd.
For the isotropic case ∆ = 1, the model has a global
SU(2) symmetry, for which the highest weight states are
given by Bethe states with finite rapidities only. Lower
weight states are constructed by placing one or more ra-
pidities at infinity, see for example Refs. 34 and 35.
The maximum allowed quantum number Jmax is de-
termined by sending one of the rapidities to infinity and
computing the associated quantum number by means of
the Bethe equations. By considering these limiting quan-
tum numbers, the dimensionalities of different classes of
excitations can be determined.
The ground state |{λGS}〉 at zero magnetization con-
sists of a set of M = N/2 real rapidities, characterized by
the set of quantum numbers {Jj} = {−N4 + 12 , ..., N4 − 12}.
This set of real rapidities is unique, there are no other
possibilities to arrange M = N/2 real rapidities in this
magnetization sector.
The first excitations from the ground state induced
by a spin flip are again sets of real rapidities, with
M = N/2− 1. By taking the limit λ → ∞ in the Bethe
Eqs. (4), the maximum allowed value of the quantum
number Jmax = J∞ − 1 = N/4 is determined. This im-
plies there are 2Jmax + 1 = N/2 + 1 possible slots for the
quantum numbers, over which N/2−1 quantum numbers
must be distributed. This set of excitations is therefore
characterized by two holes in the sea of quantum num-
bers, named as two-spinon excitations. The dimension
of the set of excitations (for the sector s = 1, sz = 0)
created in this way is
dimH∆=12sp =
(
N/2 + 1
N/2− 1
)
=
N
8
(N + 2). (7)
For the regime with ∆ > 1, the correct counting of
the two-spinon states becomes more complex, as the
global symmetry becomes of quantum group nature.
Building the two-spinon states from the ground state
gives the same set of two-spinon excitations as for the
isotropic case. There however exists an additional set of
two-spinon excitations,29 built from the quasi-degenerate
ground state with momentum pi, created by an Umklapp
3from the true ground state, {Jj} = {−N4 + 32 , ..., N4 + 12}.
Avoiding double counting of the excitations created from
the true and quasi-degenerate ground state, the dimen-
sion of the two-spinon excitations for ∆ > 1 is
dimH∆>12sp = N2/4. (8)
At high ∆, the resulting physics after acting with a
spin flip operator on the ground state becomes dominated
by these two-spinon contributions only. We therefore re-
strict ourselves to the subspace of two-spinon states in
our further analysis for ∆ > 1.
Contrary to the limit of high anisotropy, higher spinons
contribute for a significant part of the dynamical struc-
ture factor at ∆ = 1. To construct higher spinon states,
one has to consider complex solutions of the Bethe equa-
tions. The full set of rapidities {λ} must remain self-
conjugate, and takes the form of the string hypothesis, a
string of length n being defined as
λ
(n)
j,a = λ
(n)
j +
iζ
2
(n+ 1− 2a) + iδ(n)j,a (9)
with internal label a = 1, ..., n. The set of M com-
plex rapidities is now grouped as Mn n-strings, where∑
n nMn = M . At finite system size, the strings are
deformed by the deviation δ
(n)
j,a ∈ C, which in general
is exponentially small in system size. There exist how-
ever many exceptions with large deviations. Nonetheless,
for the classification of the string configurations, we can
adopt the limit of vanishing string deviations to derive
the Bethe-Gaudin-Takahashi equations36 in terms of the
n-string centers λ
(n)
j ,
θn(λ
(n)
j )−
1
N
∑
m
Mm∑
k=1
Θnm(λ
(n)
j − λ(m)k ) =
2pi
N
I
(n)
j ,
j = 1, . . . ,Mn , (10)
where the scattering phase between n- and m-strings is
Θnm(λ) = (1− δnm)θ|n−m|(λ) + 2θ|n−m|+2(λ)
+ . . .+ 2θn+m−2(λ) + θn+m(λ) . (11)
The maximum string quantum number for a given
string configuration can now be computed by taking a
string center to infinity in the Bethe-Gaudin-Takahashi
equations, where the corresponding maximal string quan-
tum number will be given by Imaxn = I
∞
n −n. The number
of available states with a string configuration consisting
of Mn n-strings is then∏
n
(
2Imaxn + 1
Mn
)
. (12)
The number of holes in the sea of n-strings is given by
2Imaxn + 1−Mn.
While for ∆ = 1 the two-spinon states are formed by
all possible sets of real rapidities obeying Bethe equa-
tions (4), the four-spinon states contain a two-string,
supplemented with real rapidities. In particular, for
four-spinon states at M = N/2 − 1, there are M1 =
N/2−3 one-strings with maximum string quantum num-
ber I1,max = N/4, while there is M2 = 1 two-string with
maximum string quantum number I2,max = 1, giving rise
to
dimH∆=14sp = 3
(
N/2 + 1
N/2− 3
)
(13)
possible four-spinon states.
For a spinon state with a specific set of string quan-
tum numbers {I(n)j }, the rapidities could be obtained by
means of an iterative numerical solving procedure of the
BGT-equations (10). The momentum and energy are
then directly determined as a function of the rapidities.
Applying the iterative solving procedure to all possible
corresponding combinations of string quantum numbers
yields the full spectrum of spinon excitations. With these
spinon Bethe states, one would now be in place to evalu-
ate the dynamical structure factor in Eq. (1), by inserting
a resolution of the identity and summing over all matrix
elements of the ground state with the spinon states,
Saa¯(q, ω) = 2pi
∑
α
|〈GS|S−q |α〉|2δ(ω + ωGS − ωα). (14)
The matrix elements of spin operators between Bethe
states 〈{µ}|Saj |{λ}〉 are given by normalized determi-
nant expressions17,18,37,38 in terms of the rapidities of
the Bethe states. For Bethe states containing string so-
lutions, reduced determinant expressions22 in terms of
the string centers must be employed to overcome diver-
gencies in the determinants caused by the strings.
By integrating Eq. (1) over energy and momentum,
sum rules for all matrix elements can be derived. For
the transverse dynamical structure factor one obtains for
example∫ ∞
0
dω
2pi
1
N
∑
q
S−+(q, ω) =
1
2
− 〈Sz〉 = M
N
, (15)
yielding an important quantitative measure of the sat-
uration of the summations over the matrix elements in
Eq (14). In general, two-spinon and four-spinon matrix
elements turn out to attribute for the majority of the
sum rule saturation for system sizes of the order of a few
hundred.
The presence of two-strings in the four-spinon Bethe
states raises the question whether string deviations δ
(2)
j
from Eq. (9) could be neglected. At zero field, a sum-
mation over all two-spinon states supplemented with
all four-spinon states (neglecting two-string deviations)
overshoots the sum rule, implicating that neglecting all
deviations leads to erroneous results. String deviations
can be handled more carefully by introducing a real
parametrization for the two-string rapidities in terms of
the two-string center λ
(2)
j and two-string deviation δ
(2)
j ,
λ
(2),±
j = λ
(2)
j ± i
(1
2
+ δ
(2)
j
)
, (16)
4and solving Bethe equations (4) iteratively in this
parametrization.39 For small rapidity two-string centers,
the deviations are exponentially vanishing in system size,
while for two-string centers away from zero, the devia-
tions can take on larger values.
For small string deviations, the determinant expres-
sions become divergent. The reduced form of the de-
terminant22 ensures cancellation of these divergencies,
which however comes at the price of neglecting the string
deviations. In order to handle both large and small two-
string deviations, we adopt an algorithm where reduced
expressions in terms of the string center are used when-
ever the string deviation is small, while for large string
deviations the rapidities of the deviated string are in-
serted directly into the original determinant expressions.
We compute the two-string deviations for all four-
spinon states and compute the matrix elements using the
aforementioned scheme, keeping track of the deviations
in the determinants whenever |δ(2)j | > 10−8. With this
method, the sum rule of all two-spinon and four-spinon
contributions is saturated by 99.98% at N = 100, imply-
ing the absence of erroneous contributions which were
present when deviations were neglected.
III. SPINON DYNAMICS IN THE
ANISOTROPIC HEISENBERG CHAIN
The following section focusses on the real space-time
dynamics of spinons, where in particular we elaborate on
the construction of the initial state and show results for
the time evolution of the magnetization profile.
The initial state is constructed by acting with a local
spin flip on the ground state,
|Ψ(0)〉 =
√
2S+j0 |{λGS}〉 =
∑
{λ}
C{λ}|{λ}〉 , (17)
where the coefficients C{λ} are given by the matrix ele-
ments of the spin raising operator on site j0,
C{λ} =
√
2〈{λ}|S+j0 |{λGS}〉. (18)
The spectral weights |C{λ}|2 for each spinon state |{λ}〉
correspond to the weights as computed or measured from
the transverse dynamical structure factor (1) for inelastic
neutron scattering experiments.
The time dependent wave function is computed using
unitary time evolution in the basis of Bethe states,
|Ψ(t)〉 = e−iHˆt|Ψ(0)〉 =
∑
{λ}
e−iE{λ}tC{λ}|{λ}〉. (19)
Therefore, the expectation value of the local magnetiza-
tion at site j is computed by
〈Szj (t)〉 =
∑
{λ},{µ}
e−i(E{λ}−E{µ})tC{λ}C∗{µ}〈{µ}|Szj |{λ}〉 .
(20)
The matrix elements between the spinon states occur-
ring in Eqs. (18) and (20) are computed by determinant
expressions from algebraic Bethe ansatz results as elab-
orated in section II.
A full double Hilbert space summation in equation (20)
is not feasible, nonetheless, two-spinon states (Eq. (7))
carry the majority of the spectral weight. In the ther-
modynamic limit, the two-spinon contributions carry
72.89% of the spectral weight, while at finite system size
at N = 100 considered in the computations of the cur-
rent work, already 96.85% is ascribed to the two-spinon
states. Four-spinon (Eq. (13)) states can be included to
achieve a higher overlap of the computed state with the
initial state. As described in section II, the four-spinon
states contain deviated two-string solutions, which can be
included explicitly by solving the Bethe equations in the
parametrization of the deviations and by employing the
appropriate reductions of the determinant expressions.
As the full spectrum of four-spinon solutions would in-
duce a double summation of O(N8) terms, we only select
the largest |C{λ}| of the four-spinon states to make up
for 99.00% in total of the sum rule, which for N = 100
comes down to the inclusion of the 3640 most important
four-spinon states.
Time slices of the time evolved magnetization profiles
evaluated from Eq. (20) for propagating spinons are dis-
played in Figs. 1, 2 and 3 for different values of ∆, in-
cluding the isotropic case (∆ = 1), a case away from the
isotropic case and a high value of ∆ towards the Ising
limit respectively. In the remainder, we place the up
spin at site j0 = 0.
〈S
z j
(t
)〉
CFT
−0.1
−0.05
0
0.05
0.1
t = 0 t = 8/J
〈S
z j
(t
)〉
j
-0.10
-0.05
0.00
0.05
-40 -20 0 20 40
t = 16/J
-40 -20 0 20 40
t = 24/J
FIG. 1. Time slices of spinon propagation originating from a
local spin flip at j0 = 0 on the ground state at N = 100 for
∆ = 1. The initial state is a projection with total normal-
ization sum rule of 99.00%, including all two-spinon states
(96.85%) and the most important 3640 four-spinon states
(2.15%). In the top left panel, the CFT prediction from
Eq. (21) for the magnetization of the initial state is shown.
In the isotropic case ∆ = 1, the antiferromagnetic
ordering in the initial state starts to decrease with in-
creasing distance from the local spin flip. The shape of
5the magnetization profile of the initial state can be de-
scribed by the antiferromagnetic longitudinal spin-spin
correlations. As the spin at site j = 0 is always point-
ing upwards with Sz0 |Ψ(0)〉 = 12 |Ψ(0)〉, we can iden-
tify 〈Szj Sz0 〉 = 12 〈Szj 〉. Furthermore, the antiferromag-
netic longitudinal spin-spin correlation for the isotropic
Heisenberg chain of infinite length can be obtained by
the conformal field theory description of the critical low-
energy sector,40–43 and is given to first order as
〈Szj Sz0 〉 ∼ D1
(−1)j
j
. (21)
The prefactor D1 could be fitted from the finite size scal-
ing behavior of the Umklapp matrix elements.44–47 Sub-
sequently a conformal transformation to finite size
j → N
pi
sin(jpi/N) (22)
is applied. In Fig. 1, the conformal field theory pre-
diction of the initial magnetization profile of the spinon
state from Eq. (21) is plotted on top of the algebraic
Bethe ansatz finite size computation of the magnetiza-
tion, showing agreement between the results.
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FIG. 2. Time slices of spinon propagation originating from a
spin flip at j0 = 0 at N = 100 for ∆ = 1.5. The initial state is
a projection on all two-spinon states with 97.17% saturation
of the normalization sum rule.
At ∆→∞ the ground state |{λ}GS〉 becomes equal to
the Nee´l state,
|Nee´l〉 = 1√
2
(| ↑↓ · · ·〉+ | ↓↑ · · ·〉) , (23)
so the spin raising operator creates exactly three adjacent
spins aligned upwards in the antiferromagnetic ordering.
By acting with the spin raising operator, only one of the
two antiferromagnetic ordered states in Eq. (23) is se-
lected. The state with high ∆ shown in Fig. 3 has nearly
perfect Ne´el order of the spins at 〈Szj 〉 = ± 12 . Further-
more, at ∆ → ∞, the initial state is fully overlapped
〈S
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(t
)〉
−0.4
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0
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t = 0 t = 8/J
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)〉
j
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t = 16/J
-40 -20 0 20 40
t = 24/J
FIG. 3. Time slices of spinon propagation originating from a
spin flip at j0 = 0 at N = 100 for ∆ = 10. The initial state is
a projection on all two-spinon states with 99.999% saturation
of the normalization sum rule.
with two-spinon states only, making the computation of
observables exact in this limit.
From Fig. 3 a few observations could be made. The
spinon is moving like a domain wall, as all spins flip to
their opposite signs after the passing of the spinons. How-
ever, this domain wall is not strictly localized around
one lattice site, but rather has a finite extent. After
the spinon passed by, the magnetization does not re-
store to exactly the opposite of the initial value as one
would expect from the propagation of a pure, strictly
localized, single domain wall between the two Nee´l or-
dered domains, but remains around 0.2. This behavior
remains even for much higher values of ∆. Furthermore,
the expectation value 〈Sz0 〉 of the spin at j = 0 imme-
diately starts to decrease rather than staying pointing
upwards, suggesting that the two domain walls created
around j = 0 start to propagate in both directions, rather
than moving only outwards with respect to j = 0 (which
should have let the spin at site j = 0 pointing upwards).
Further behavior of the spin flip on the antiferromag-
netic ground state could be studied from the fluctuations
of the spin expectation values from the initial state, which
would also be useful for the study of correlations in the
next section,
δSzj (t) = S
z
j (t)− Szj (0) . (24)
Single site plots for the fluctuations from the initial
state for the magnetization 〈δSzj (t)〉 are shown in Fig. 4.
For the ∆ = 10 case, it is noted that two adjacent spins
anti-aligned originally, start collapsing almost simultane-
ously as the spinon passes by.
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FIG. 4. Spinon propagation shown in plots of the magnetic
fluctuations 〈δSzj (t)〉 at single sites as a function of time for
∆ = 1 (top) and ∆ = 10 (bottom).
IV. SPINON DYNAMICS IN THE
BABUJAN-TAKHTAJAN SPIN-1 CHAIN
The availability of determinant expressions for ma-
trix elements of local spin operators for integrable
higher spin chains18 allows for an extension of the time-
evolution computation after a local spin flip towards the
Babujan-Takhtajan spin-1 chain, of which the Hamilto-
nian reads48–51
H =
J
4
∑
j
[
SˆjSˆj+1 − (SˆjSˆj+1)2
]
. (25)
The dynamical stucture factor of this integrable spin-1
chain has been computed as well, based on summations
of matrix elements of the two-spinon and four-spinon
excitations.52
The corresponding Bethe equations of this integrable
higher spin chain are similar to the spin- 12 isotropic
Heisenberg model, with only a modification in the first
term with respect to Eq. (4),
θ2(λj)− 1
N
M∑
k 6=j
θ2(λj − λk) = 2pi
N
Jj , (26)
where the functions θn(λ) are given by Eq. (5).
The ground state for J > 0 favors antiferromagnetic
ordering with M = N down spins (with zero total mag-
netization), for which the corresponding set of rapidi-
ties consists of M2 = N/2 two-strings. The existence
of a macroscopic number of bound states already in the
ground state (as opposed to spin-1/2 models), makes the
analysis of two-string deviations even more important.
To leading order in system size, the two-string devia-
tions for the ground state are of the form53,54 δ
(2)
j ≈
ln(2) cosh(piλ)/(2piN), implying that all two-string devi-
ations are only algebraically small in system size.
The most important excitations after a spin flip can
be considered by breaking up one of the two-strings from
the ground state, and placing one rapidity back on the
real axis. The number of available Bethe states of this
type of excitations with string configuration M1 = 1,
M2 = N/2− 1 is determined from the limiting quantum
numbers and turns out to be the same as Eq. (7) for
the two-spinon excitations of the isotropic spin- 12 model.
For the spin-1 model, this type of excitations could be
pictured as two hole-like modes in the sea of two-strings,
being similar to two hole-like modes in the sea of one-
strings resembling two-spinon states in the spin- 12 chain.
Four-spinons in the spin-1 chain could be considered by
adding a three-string, but are left out of consideration in
this analysis.
Fig. 5 shows the time evolution of a local spin flip on
the ground state of the Babujan-Takhtajan spin-1 chain,
projected on all two-spinon states in the M = N − 1
sector, for a chain consisting of N = 100 sites. The sum
rule saturation of all two-spinon states is 92.33% at this
system size. All string deviations have been included in
the computation of the relevant matrix elements.
〈S
z j
(t
)〉
CFT
−0.1
0
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t = 0 t = 8/J
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t = 16/J
-40 -20 0 20 40
t = 24/J
FIG. 5. Time slices of two-spinon propagation originating
from a spin flip at j0 = 0 at N = 100 for the isotropic spin-1
Babujan-Takhatajan model. The initial state is a projection
on all two-spinon states (consisting of hole-like modes in a sea
of two-strings) with 92.33% saturation of the normalization
sum rule.
The initial shape of the local magnetization can again
be extracted from conformal field theory. The critical
low-energy sector is described by the SU(2) level-2 Wess-
Zumino-Novikov-Witten model55–58, which yields for the
asymptotic behavior of the longitudinal antiferromag-
netic spin-spin correlations of an infinite chain
〈Szj Sz0 〉 ∼ D1
(−1)j
j
3
4
. (27)
7With the appropriate transformation to finite size (see
Eq. (22)), Eq. (27) is plotted on top of the computed data
in Fig. 5, showing agreement for the shape of the initial
magnetization profile for both approaches. The slight
discrepancy is attributed to the incomplete saturation of
the normalization sum rule.
V. SPIN-SPIN CORRELATIONS
Besides the magnetization expectation value, the
method of summing over matrix elements of local spin
operators between Bethe states at finite size allows for
the computation of two-point correlations by inserting a
resolution of the identity and summing over all relevant
matrix elements. In this way, one can for example dis-
play the buildup of correlations between two separated
spins after a spin flip is applied in the middle of the two
spins. Moreover, the nearest-neighbor spin-spin correla-
tion could be studied as well while the spinons pass by at
a specific site. Both quantities acquire an error in the re-
sults due to the usage of an extra (truncated) summation
over states, which could be quantified by keeping track
of sum rules and by comparing the results for low system
sizes to exact numerical diagonalization. We restrict to
the isotropic Heisenberg model (∆ = 1) in the analysis
of spin-spin correlations in this section.
The equal time spin-spin correlation between two spins
at sites ±j yields, see also Fig. 6 for illustration,
〈Ψ(0)|δSzj (t)δSz−j(t)|Ψ(0)〉, (28)
while the spin-flip creating the spinons is located in the
middle of the two spins at j = 0 in the initial state |Ψ(0)〉.
The consideration of the fluctuations of Szj with respect
to the initial state (see Eq. (24)) accounts for the ini-
tial values of the spin-spin correlation and assures that
Eq. (28) starts from zero at zero time.
S+0
· · · ↓ ↑ ↓ ↑ ↓ ↑ ↑ ↑ ↓ ↑ ↓ ↑ ↓ · · ·
δSz−j(t) δS
z
j (t)
FIG. 6. Illustration of the location of the spins at sites ±j be-
tween which the correlation is computed in Eq. (28), relative
to the location of the spin flip creating the spinon excitations.
Fig. 7 shows the time evolved results of the computa-
tion of Eq. (28). As the spinon passes by at site j, it
becomes correlated to the spin at site −j opposite with
respect to the spin flip. The propagation of the build
up of correlations takes place at the spinon propagation
velocity v = Jpi/2, giving a clear image of a light-cone ef-
fect, with zero correlation outside the light cone. Apply-
ing a local spin flip on the ground state therefore satisfies
the Lieb-Robinson bound33, stating that no correlation
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FIG. 7. The spin-spin correlation between two sites at ±j,
with the up spin is in the middle at j = 0, computed for
∆ = 1 and N = 32. The projection of the initial state on
two-spinon states saturates 98.82% of the normalization sum
rule. Top: single site plots as function of time. Bottom:
heatmap showing the light-cone effect in the build up of the
correlations at the spinon propagation velocity.
can propagate faster than the (spinon) velocity in the
system.
The antiferromagnetic nearest-neighbor correlations
are computed from
〈Ψ(0)|Szj (t)Szj+1(t)|Ψ(0)〉, (29)
while the results of this computation (again by insert-
ing a resolution of the identity and summing over matrix
elements) are plotted in Fig. 8. As the spinon passes
by, the antiferromagnetic correlation collapses and then
revives again, showing oscillations after the passage of
the spinon. This observation is in particular interesting
as the expectation value of the local magnetization col-
lapses at ∆ = 1 (see Fig. 1), while the antiferromagnetic
correlation is restored after the passage of the spinon.
The computational method adopted in this section for
the spin-spin correlations requires an extra resolution of
the identity 1 =
∑
{α} |{α}〉〈{α}| between the two spin
operators in the two-point functions of Eqs. (28) and (29).
For the matrix elements of Sz for the isotropic case ∆ =
1, the intermediate states |{α}〉 can contain either zero
or one infinite rapidity. These matrix elements of states
containing an infinite rapidity can be expressed as matrix
elements of states without infinite rapidities,59
〈{µ}M |Sz|{λ,∞}M 〉 = −1
2
〈{µ}M |S−|{λ}M−1〉. (30)
Again, it is computationally unfeasible to include all
states in the summation over intermediate states. We
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FIG. 8. Longitudinal nearest-neighbor correlation at ∆ = 1
and N = 32. The projection on two-spinon states satu-
rates 98.82% of the normalization sum rule. As the spinon
passes by, the antiferromagnetic correlation becomes weaker
and then revives again, showing oscillations after the passage
of the spinon.
therefore restrict to the highest-weight two-spinon and
four-spinon states at M = N/2− 1 as constructed in Sec
II, and the lower weight states containing M1 = N/2− 2
real rapidities and one infinite rapidity, and the lower
weight states with M1 = N/2 − 4, M2 = 1 and one in-
finite rapidity. For the latter, two-string deviations are
properly taken into account. The errors induced by the
truncation of the summation to these types of interme-
diate states are quantified in Fig. 9. The saturation of
the extra intermediate summations on all two-spinon and
four-spinon states exceeds at least 99%, while for known
exact values for the spin-spin correlation at j = 0, the
induced error stays within 1% of the exact result.
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FIG. 9. Errors of the method induced by the truncation of the
sum over intermediate states at ∆ = 1. Left: Sum rule satu-
ration for every two-spinon state, by summing over the inter-
mediate states with zero and one infinite rapidity respectively.
Right: Expectation value of longitudinal spin-spin correlation
on the same site, which should be 1/4.
An additional reliability check of the computations of
spin-spin correlations based on matrix elements of single
spin operators (including all two-spinon and four-spinon
states) can be performed by comparison with exact diag-
onalization at low system size (N = 12). From the right
panels of Fig 10, it can be seen that the differences with
the results from exact diagonalization are small.
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FIG. 10. Left panels: Exact diagonalization results for
N = 12 for the spin-spin correlations from Eq. (28) (top)
and the nearest neighbor correlations from Eq. (29) (bottom).
Right panels: difference between the results from exact diag-
onalization and matrix element summations from algebraic
Bethe ansatz.
VI. CONCLUSIONS
We demonstrated the real space-time dynamics of
spinons in the (an)isotropic Heisenberg chain and the
Babujan-Takhtajan spin-1 chain, initiated from a local
spin flip on the antiferromagnetic ground state, reflect-
ing precisely the state for which the spectral weights of
the spinon states are measured or computed in the dy-
namical structure factor for inelastic neutron scattering
purposes.
The propagation of the domain walls in the antiferro-
magnetic ordering of the spins is visualized for different
values of anisotropy by computing the local expectation
value of the magnetization as a function of time. This
method is based on the algebraic Bethe ansatz for the
Heisenberg model at finite system size. By an iterative
procedure, it is possible to solve the spinon Bethe states
explicitly. Subsequently, matrix element expressions in
determinant form for local spin operators between the
Bethe states allow to construct the initial state with a
local spin flip and to compute the time evolution of its
local magnetization and spin-spin correlations.
The magnetization profiles for the propagating spinons
show almost simultaneous spin flip processes for pairs
of neighboring anti-aligned spins. After the passing of
a spinon, the antiferromagnetic order is destroyed for
∆ = 1, but the antiferromagnetic correlation between
nearest neighbors survives, showing oscillatory behavior.
9At high ∆ towards the Ising limit, no revival of the mag-
netization to its initial value is visible, while the domain
wall is not sharp either. These observations can be ex-
plained from the domain walls created adjacent to the
initial spin flip, which can propagate in both directions
simultaneously after the spin flip. Moreover, correla-
tions between two separated spins were considered, show-
ing the buildup of correlations only after the passing of
the spinon, displaying a light-cone effect. The evolution
of the correlation therefore satisfies the Lieb-Robinson
bound, as the correlations spread at the spinon propaga-
tion velocity.
The algebraic Bethe ansatz methods at finite size em-
ployed here could be implemented towards more out-of-
equilibrium situations in spin chains, for which the dy-
namics could be computed from the determinant expres-
sions for matrix elements of spin operators between Bethe
states. Candidates for future applications of this method
are the addition of non-integrable spin-spin interactions
or driven magnetic fields to the Heisenberg Hamiltonian.
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